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Introduction

In the design of mechanical systems, it is desirable to predict
sound radiation characteristics of the system at the
preliminary design stage. Although methods to predict the
vibration response are often available, sound prediction
techniques are not yet fully developed and implemented, in
part due to the unresolved difficulties associated with the
existing methods. Depending on the configuration of the sur-
face of the source and the complexity of the surface vibration,
a closed-form solution is often not possible. The Helmhotz in-
tegral is used as a basis for numerical techniques to solve pro-
blems of radiation from arbitrary surfaces. This integral,
however, possesses mathematical and numerical difficulties
that must be taken into consideration in the solution of radia-
tion problems. The purpose of this paper is to highlight some
of these difficulties and demonstrate how they might be
alleviated.

Early work in the field of acoustic radiation from arbitrary
bodies involved the use of approximate methods to find a
distribution of simple acoustic sources to replace the surface
of the body. Oestreicher [1] used the Helmholtz integral
together with a Taylor expansion of the free-space Green’s
function to find analytical expressions for the source distribu-
tions. Horton and Innis [2] employed measurements of
pressure and approximations of the velocity near the surface
of a body in order to predict the far-field acoustic radiation.

As digital computers began to have more widespread use in
research and industrial applications, investigators began to
evaluate the Helmholtz integral directly. Chen and Schweikert
[3] obtained acoustic pressure radiation patterns by solving
part of the Helmholtz integral for only the ‘‘monopole”
source distribution on the surface of the body being studied.
Chertock [4] used the complete Helmholtz integral to
numerically solve for the surface pressure distribution of pro-
blems with spherical symmetry. Copley [5] solved problems
with axisymmetric geometry also using the complete
Helmholtz Integral.

The Helmholtz integral does not possess a unique solution
at certain frequencies corresponding to the eigenfrequencies of
a related problem of the interior volume of the body in ques-
tion, This is shown in references [6-10]. Two techniques have
been developed to circumvent this difficulty. Schenck [8] com-
bined the Helmholtz integral with the related Interior
Helmholtz integral to identify solutions at these degenerate
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Application of the Helmholtz
Integral in Acoustics

The solution of an isoparametric, overdetermined formulation of the Helmholtz In-
tegral is presented and demonstrated in three examples of acoustic radiation from
spherical sources. The placement of the interior, overdetermining points is discussed
and guidelines concerning surface element size are developed and tested. The total
radiated sound power and transient acoustic response of a dilating sphere are

frequencies. Ursell [9] removed this nonuniqueness problem
by reformulating the Green’s function for each problem.
Using the properties of the Helmholtz equation, Brod [10]
changed the form of the Helmholtz integral to a relation that
is unique for all wavenumbers.

Bell, Meyer, and Zinn [11] used both two- and three-
dimensional forms of the Helmholtz Integral with various
boundary conditions and geometric shapes to determine
acoustic potentials at both the geometric boundaries and field
points. The related surface Helmholtz integral was solved by
Koopman and Benner [12, 13] as a step toward calculating the
total radiated sound power. They used the concepts devised by
Schenck [8] to eliminate the nonuniqueness problem.

One characteristic of the studies given in references [2-5, 8,
11-13] is that in the discretization of the boundary surfaces it
was assumed that the acoustic variables were constant over
each elemental area of the body surface. However, Seybert, et
al. [14, 15] employed an isoparametric formulation of the
Helmholtz integral to achieve solutions with accuracies com-
parable to those obtained in the foregoing studies with fewer
surface elements, and therefore with less computation time.

The present work discusses, through examples, difficulties
that arose in the earlier studies and the techniques and
guidelines developed to alleviate some of these problems. It is
also shown that once the Helmholtz integral is solved for the
surface pressure response, it is a fairly simple task to obtain
other quantities describing the acoustic field. This is done
through two applications:; The calculation of the total radiated
sound power and the temporal acoustic response.

The Helmholtz Integral

In most of the aforementioned studies a brief derivation of
the Helmholtz integral can be found. For a more detailed and
complete development, reference [16] is excellent. The
Helmholtz integral, as applied to the problems of acoustic
radiation, is given here as

C(P)p(P)= SS [pd(e=*/r)/8v + ikzqv,e~* /rldo m

where i=+~ — 1, p and v are the complex-valued functions of
acoustic pressure and velocity, S is the surface of the vibrating
body with outward normal », do is a differential element of
surface area, k is the wavenumber, z, is the specific acoustic
impedance of the surrounding infinite medium and r is the
distance from the arbitrary point P to the integration point on
the surface S. The subscript on the velocity denotes the
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Fig. 1 Spherical model

derivative along the outward normal to the surface and the
function C(P) takes the values of 47 when P is outside of sur-
face S, 27 when P is at a point of S where a unique normal
tangent plane exists, and zero when P is inside of surface S. A
generalization of this formulation can be found in references
[14, 15]. Through a similar derivation utilizing Laplace’s
equation and a geometrical argument, the function C(P) can
be interpreted as the outer solid angle to surface S at point P,
Equation (1) then takes the general form

{47+ [5[3(1/7)/3v1da}p (P)
={s[pd (e=* /r)/ 3y + ikzqv,e~* /rida @

The major obstacle in the solution of equation (2) is the
evaluation of the surface integrals. This difficulty can be over-
come analytically for certain special spherical geometries.
More general geometries can be handled numerically by ap-
proximating the surface geometry using interpolation func-
tions [14, 15].

Description of the geometry using interpolation, or shape,
functions involves one basic idea: The geometric properties at
a point can be expressed as a weighted sum of the correspond-
ing properties at a given set of nearby points, called nodes.
This weighted sum is of the form

N
x= Y, Xh, (r,s) 3)
n=1

where (r, s) are the natural coordinates of a local coordinate
system, x,, is the property value of the nth node based on the
global coordinate system, and 4, is the corresponding inter-
polating function of the local coordinates (r, s).

The use of interpolation functions is not limited to the
description of geometric shapes, but can be extended to
describe any variable present in the problem formulation.
Variables such as velocity, acoustic pressure, stress, strain,
etc., can be described using nodal values and corresponding
sets of interpolating functions. If the same set of interpolation
functions, and hence the same set of nodal coordinates, is
chosen for every variable in each element, the problem
becomes an isoparametric formulation.

To apply the concept of isoparametric formulation to equa-
tion (2), the first step is to discretize the surface S into M
elements. It should be noted that this step does not introduce
any approximations.

M
fars B | w0/0/01d0}p(P)
m=1"5m
M
= E L [pd(e=*"/r)/dv + ikzyv,(e ™ /r)ldo @
m=1 m

The second step is to substitute the approximations

N N
p= Ep,,h,,, v,= E -
n=1 n=1

into equation (4), which results in

448/ Vol. 108, OCTOBER 1986

far+ f SS [9(1/7)/v1do}p (P)

m=1 m

M N
-y ) p,,SS h,[8(e=% /r) /3v)],,do

M N

=ikzy 3, Y, u,,,S h,(e~* /)], do (5)
m=1 n=1 Sm

where J, is the Jacobian of the local-global coordinate

transformation.

All of the surface integrals in equation (5), even though they
involve surface normals that do not uniquely exist at edges and
corners, can be successfully carried out if the surface is
discretized in a manner such that all of the edges and corners
of the model are on the boundaries of the elements.

Equation (5) is a form of equation (2) that allows the
convenient computation of the acoustic radiation from any
vibrating body with general geometry and arbitrary surface
velocity distribution.

Solution of the Helmholtz Integral

Several numerical considerations must be kept in mind
while solving the general Helmholtz integral, given by equa-
tion (5). Some of these are direct consequences of the form of
the Helmholtz integral while others result from the numerical
techniques commonly employed. This section discusses the
problems encountered in earlier studies and describes how
they are resolved in the present work.

Inspection of equation (5) shows that the acoustic pressure
at a point P outside of surface S cannot be obtained without
first the knowledge of both the normal velocity and the sur-
face acoustic pressure distributions. These two distributions
are not independent and are easily related through the Surface
Helmholtz integral, which is obtained when point P in equa-
tion (5) is on the surface, S. When the normal velocity
distribution is given (always the case in this paper), the first
step in obtaining the acoustic pressure at an arbitrary field
point consists of solving for the acoustic pressure distribution
on the surface of the body.

The solution of the Surface Helmholtz integral in earlier
studies was hindered by two main difficulties. The first prob-
lem was due to the singularities that occur at r=0 in both of
the surface integrals of equation (5), in particular where
numerical integration schemes were employed which required
evaluation of the integrands at the singular points. The most
convenient way to avoid this difficulty is to use a numerical in-
tegration scheme that does not require the evaluation of the in-
tegrands of equation (5) at the singular points. One such
method is Gaussian quadrature [17]. Gaussian quadrature is
also useful since it allows straightforward implementation of
higher-order integration schemes for verification of the con-
vergence of the singular integrals. The integration method
employed in the examples presented in later sections is stand-
ard Gaussian quadrature for quadralateral regions, while the
scheme used for integration over triangular regions is a varia-
tion of Gaussian quadrature developed by Cowper [18].

The second difficulty encountered in the solution of the Sur-
face Helmbholtz integral was that equation (5) fails to yield a
unique solution for the surface acoustic pressure distribution
at the eigenfrequencies of a related interior problem. This
nonuniqueness problem is due only to the mathematical form
of the Surface Helmholtz integral and seems not to have any
physical significance. Schenck [8] has an excellent discussion
of these characteristics and their effect on the solution of the
Surface Helmholtz integral. Reference [8) also presents an im-
proved formulation for the solution of the surface pressure
distribution consisting of the combination of the Surface
Helmholtz integral with the Interior Helmholtz integral. This
combination results in an overdetermined set of simultaneous
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Table 1 Results of surface area calculations for six ditferent spherical
models

Model Calculated Surface Area
Description % Difference from Theory

8 quadratic -20,6h%
triangles, 18 nodes

32 gquadratic ~14,19%
triangles, b6 nodes

48 quadratic ~13.,74%
triangles, 98 nodes

72 quadratic -13.54%
triangles, 146 nades

8 quadratic -5.80%
quadralaterals, 26 nodes

2k quadratic -0.95%
quadralaterals, 74 nodes
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Fig. 2 Nondimensional surface pressure versus ka for the case of the
dilating sphere

equations that, depending on the choice of interior points, in-
sures a unique solution for the surface acoustic pressure
distribution.

In the Surface Helmholtz integral, since point P is on the
surface S, equation (5) is a Fredholm equation of the second
kind [8] and is in a form that allows a convenient matrix solu-
tion. Once the surface acoustic pressure distribution is ob-
tained from the Surface Helmholtz integral, then all the
necessary information is available for the straightforward
computation of any acoustic property or response of the body
being studied. Radiated acoustic pressure can be calculated
from equation (5) by letting point P be at any arbitrary loca-
tion outside the body. Other difficulties associated with the
numerical techniques necessary to model and solve given pro-
blems are discussed in the next section.

Examples

In this section, some of the difficulties associated with the
Helmbholtz integral are discussed and illustrated. These dif-
ficulties include surface modeling, techniques of overdeter-
mining a problem, maximum element length criteria, and
computation time. The examples include, in addition to the
commonly used examples of the acoustic radiation from a
uniformly dilating sphere and a transversely oscillating sphere,
radiation from a piston set into the surface of a sphere. The
results for all of the examples presented in this paper are given
in nondimensional form in order to obtain general results.

Since the examples presented in this paper involve velocity
distributions applied to spheres, the first step in the solution of
these problems was the construction of a model that would ac-
curately represent a spherical surface. Since the velocity and
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Fig. 3 Nondimensional surface pressure versus ka for the case of the
oscillating sphere; ¢ =0

Fig. 4 Geometry for equation (12)

pressure distributions are to be applied to the modeled sur-
faces, if the model cannot accurately describe the geometry, it
certainly cannot accurately describe a function over that
geometry. Therefore, the accuracy of the computed surface
area was used as a criterion to select the model. The surface
areas were calculated with the same numerical integration
schemes used later to evaluate the integrals of equation (5). Six
different spherical models were constructed and the results of
the surface area calculations are listed in Table 1. Even though
the first four spherical models described in Table 1 are com-
posed of quadratic elements, the calculations of the modeled
surface areas show serious errors. The results shown for the
last two models are much improved, suggested that quadratic
quadralateral elements are better able to describe a spherical
surface than are quadratic triangular elements. The model
containing 24 quadratic quadralateral elements, illustrated in
Fig. 1, was chosen for use in all the examples of this paper,
unless otherwise noted.

Radiation From a Uniformly Dilating Sphere. Radiation
from a uniformly dilating sphere is a basic problem of
acoustics and has been studied extensively; see references
[19-21]. The surface velocity distribution and the corre-
sponding sound pressure radiation from a uniformly dilating
sphere are given by

vy(a’0)¢)= UO (6)
p(r/a)/zoUy = (a/Dlika/(1 + ika)]e ~*al/a-11
(r/a)=1 @)

The exact solution (7) and the corresponding numerical
results obtained from equation (5) for the surface pressure ver-
sus the frequency are shown in nondimensional form in Fig. 2.
This figure clearly shows the failure of the surface Helmholtz
integral in the neighborhood of the eigenfrequencies of the
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Table 2 Results of the accuracy and symmetry study for the case of
the oscillating sphere

Percent Difference from Theory
Location of

Case Overdetermining kas=k.5 ka=7.5
Points
Xa ¥ 2 ¢=0° $=180° ¢=0"  ¢=180°
1 nane -1199.3 ~1199.3 127.7 127.7
2 0.0, 0.0, 0.0 -1199.3 —1199.3. 127.7 127.7
3 0.0, 0.0, 0.2a ~-2.9 -3.2 8.0 7.7
4 0.0, 0.0, 0.5a -2.5 -2.5 78.1 74.8
5 0.0, 0.0, 0.8a -5.0 -5.1 28.5 [
0.0, 0.0, 0.2a
6 -2.3 -2.3 -3.2 -3.2
0.0, 0.0,-0.2a
0.0, 0.0, 0.5a
7 ~2.3 -2.3 65.4 65.4
0.0, 0.0,-0.5a
0.0, 0.0, 0.8a
8 -k.3 -4.3 15.9 15.9
0.0, 0.0,-0.8a

related interior problem. For the case of a uniformly dilating
sphere, these frequencies are the roots of the following Bessel
function [12]

Jolka)=0 (8)
or

ka=nm, n=123,...

Figure 2 also shows the surface pressures obtained by
overdetermining the Surface Helmholtz integral with the
Interior Helmholtz integral, evaluated at a single point at the
center of the sphere. A dramatic increase in accuracy can be
seen, not only at the degenerate frequencies, but across the en-
tire spectrum. Other researchers have suggested that in order
to obtain a valid solution at one of these degenerate frequen-
cies, one need only to interpolate solutions obtained at fre-
quencies above and below the desired frequency. However,
Fig. 2 demonstrates that the overdetermination of the Surface
Helmbholtz integral is necessary to achieve accurate results in a
broad neighborhood of the interior eigenfrequencies.

Radiation From a Transversely Oscillating Sphere.
Another basic problem in the study of acoustic radiation is
that of a transversely oscillating sphere. The normal surface
velocity distribution used to define this motion is given as

v, (a,0,¢) = Uycosé )]

and the corresponding theoretical solution for this problem is
given as [19]

p(r/a"b)/zOUO
ka(i—kr)
2(1 +ika) — (ka)?

Figure 3 shows the surface pressure, at ¢ =0, versus the
nondimensional frequency, ka. As in the case of the uniformly
dilating sphere, the results near the interior eigenfrequencies
clearly demonstrate the failure of the Surface Helmholtz for-
mulation. In this case, the interior eigenfrequencies are given
[12] as the roots of

— (tl/r)ZCOS(b e—ika[(r/a)— 1]’

(r/ay=1 (10)

J (kay=0 (an
or
ka=4.493409, 7.725233, ...
The choice of an interior overdetermining point for this case
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Fig. 5 Radiated nondimensional acoustic pressure versus ¢ for the
case of the piston set in a sphere; ka=0.02; /a=2
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Fig. 6 Radiated nondimensional acoustic pressure versus ¢ for the
case of the piston set in a sphere; ka=2.0; rla=2
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Fig. 7 Radiated nondimensional acoustic pressure versus ¢ for the
case of the piston set in a sphere; coarse model; ka=5.0; rla=2

is more difficult than that for the uniformly dilating sphere.
As pointed out in reference [12], the overdetermining interior
points cannot lie on the eigensurfaces of the related interior
problem. A numerical experiment was performed to study the
changes in accuracy and symmetry of the pressure response
with the use of one and two overdetermining points in the in-
terior of the oscillating sphere.

The results of eight distributions of internal overdetermin-
ing points, referred to as Cases 1-8, are presented in Table 2.
All of the overdetermining points, if any, were located along
the z-axis. These results illustrate the significance of the choice
of the positions of interior points when overdetermining the
Surface Helmholtz integral. A comparison of the results of
Case 1 with any of the Cases 3-8 shows that a substantial in-
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Table 3 Computation time and storage requirements for various
numerical models

Model CPU Data
Number of

Description Number Overdetermining Time Storage

of Nodes Points (sec) (pg-min)

50 linear 52 0 5.816 38.034

quadralaterals :

2L quadratic 74 o] 6.567 42.984
quadralaterals

24 quadratic 7h ] 12.177 80.193
quadralaterals

2l quadratic 74 2 12.270 80.834
quadralaterals

2h quadratic 74 3 12.417 80.841
quadralaterals

L0 quadratic 122 0 19.623 129.569
quadralaterals

40 quadratic 122 ] 44,319 293.405
quadralaterals

48 quadratic 146 0 29,547 195.870

quadralaterals

crease in accuracy in the neighborhood of the degenerate fre-
quencies occurs when the positions of the overdetermining
points are selected properly. Examination of Table 2 shows
that an interior location that increases the accuracy near one
interior eigenfrequency may not be as effective at another
eigenfrequency since the eigensurfaces are different for each
interior mode. Indeed, Case 2 shows no increase in accuracy,
implying that the location of the interior point in Case 2 is on
the eigensurfaces of both test frequencies. The results given in
Table 2 also show that a model which possesses symmetry
about some plane must have its overdetermining points
distributed symmetrically about that plane in order for the
response of the model to maintain symmetry.

Radiation From a Piston in a Sphere. The last example
considered is that of a piston, or a spherical cap, set into the
surface of a rigid sphere as shown in Fig. 4. This problem is
defined with the following normal velocity distribution

{Uo, 0=s¢=o,
v,(a,0,¢)= (12)
Oa ¢0 Sd)S’]T

The geometric model described earlier was modified to cor-
rectly model a circular area subtending 40 deg, ¢,=20°, in
this example. The theoretical solution, given in reference [21],
is

p(r,9)/z0U,
B i U, P, (cosd)
© = B, (ka)+iC,, (ka)

Um (kr) +in,, (kr)] 13)

where
U, =[P, (cospg)—P,, 1 (cos¢g)])/2
B, =n,_(ka)— (m+ Dn,, (ka)/ka
C,=(m+1)j, (ka)/ka—j,_(ka)

Jm and n,, are the spherical Bessel and Neumann functions of
order m, respectively, and P,, is the Legendre function of
order m. For this example, comparison between the
theoretical and the numerical calculations will be done using
the radiated acoustic pressure patterns.

Figures 5-7 compare the radiation patterns obtained
numerically using the modeled surfaces and the theoretical
solutions. These radiation results are given for frequencies
ka=0.02, ka=2.0, and ka=35.0, at a radial distance of
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r/a=2.0 versus azimuthal angle. Agreement between
theoretical and numerical results is excellent at the very low
frequencies, and deteriorates as the frequency is increased.
The reason for this is that the model is too coarse to allow ac-
curate representation of the spatial surface pressure distribu-
tion at these frequencies. To verify this hypothesis, an im-
proved spherical model was constructed with two extra rows
of elements in the azimuthal direction. The radiation results
from this model are compared to the theoretical calculations
in Fig. 8. It is seen that these results are greatly improved over
the results obtained with the more coarse model.
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Discussion. The results presented in this section
demonstrate the validity and the accuracy of the numerical im-
plementation of the Helmholtz integral. Once the geometry
and the surface velocity distribution are properly described,
and the model is sufficiently overdetermined, the examples
presented show excellent agreement with the results obtained
analytically. The results presented for the piston set in a sphere
are particularly interesting in that they support the notion that
the use of higher-order elements can lead to improvements in
accuracy with less computational effort. Chen and Schweikert
[3] reported results similar to those shown in Fig. 6, but had to
employ 320 constant triangular elements (320 nodes) to
achieve the same degree of accuracy obtained here from a
model having only 24 quadratic quadralateral isoparametric
elements (74 nodes). Since the time necessary to solve matrix
equations increases with the cubic power of the order of the
matrix, it can be seen that an isoparametric formulation using
higher-order elements results in significant reductions in com-
putational time to achieve comparable accuracy.

The results obtained for the piston in a sphere also lead to a
rule of thumb concerning the maximum allowable length of
quadratic elements when modeling surfaces. These elements
are defined by quadratic shape functions and cannot be ex-
pected to accurately approximate more than one half of a
wavelength. In the cases considered, where ka =0.02 and 2.0,
the dimensions of the elements never exceeded 0.25\ and good
results were obtained. However, when ka=5.0, the elements
spanned over 0.62\ with poor results. Since the surface veloc-
ity distribution was symmetric about the z-axis, the resulting
surface pressure was also expected to be constant in any
z=constant plane, verified by the lack of dependence on # in
the theoretical solution (13). The addition of two rows of
elements in the azimuthal direction decreased the length of the
elements in that direction to 0.42\, thus improving the ac-
curacy of the surface pressure results. This same criterion is
expected to hold, although not as accurately, with linear
quadralateral elements and when the element sizes do not ex-
ceed 0.25\.

In this section, we have also seen dramatic increases in the
accuracy of the results with the addition of overdetermining
interior points. However, the use of overdetermining points
introduces two difficult problems. The first of these problems
resulting from the use of overdetermining interior points is the
choice of location of the points. In reference [8], Schenck
shows that in order to yield a unique solution near a
degenerate frequency, the overdetermining points cannot all
lie on the eigensurfaces of a related problem of the interior of
the body. Therefore, when overdetermining the complex ex-
amples presented in reference [8], Schenck includes numerous
interior points, distributed throughout the interior to insure
that at least a few do not lie on the eigensurfaces. There is a
particular need for an efficient and accurate method to deter-
mine the optimum location of interior points to overdetermine
the Surface Helmholtz integral.

The other problem associated with the use of the overdeter-
mined Helmholtz integral is that of increased computation
time. In Table 3 is a list of the computation time and computer
storage required on an Amdahl V8 main-frame computer for
various numerical models. It can be seen from this data that
the addition of a single overdetermining point doubles both
the computer time and storage required to solve the system of
equations resulting from the Helmholtz integral. The inclusion
of additional interior points further increases computer time
and storage, but by a relatively small amount. Optimization of
the method used to solve the overdetermined system, or im-
plementation of another method of solution, could result in a
decrease of the computer time and storage required to solve a
given problem.
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Applications of Sound Power and Temporal Acoustic
Response

The utility of the Helmholtz integral method is not limited
to the determination of radiated sound pressure patterns.
Once the acoustic pressure distribution is found on the surface
of a body using equation (5), other characteristics of the
acoustic field can be obtained fairly easily. The total radiated
sound power and the temporal acoustic pressure response of
dilating sphere are computed as examples.

Total Radiated Sound Power. In this section, the techni-
ques that were developed earlier in this paper are used to pre-
sent a convenient method of obtaining the total sound power
radiated from an arbitrarily vibrating object.

The total sound power radiated from a vibrating object is
defined as

P=1/2|sRe[p*v,1do (14)

where (*) denotes a complex conjugate. Examination of equa-
tion (14) shows that the radiated sound power depends on the
surface acoustic pressure distribution, the surface normal
velocity profile, and the surface geometry. Following the
methods discussed earlier, equation (14) can be written in
terms of interpolation functions as

M N
P=1/2), Y Relp,*,lis, h.J,do. (15)
m=1 n=1

Equation (15) can then be evaluated following the deter-
mination of the complex surface acoustic pressure distribution
by the Surface Helmholiz integral, equation (5). Sound power
calculation given by equation (15) is applied to the case of a
dilating sphere, and the results are compared to the theoretical
values in Fig. 9. The accuracy of these calculations is com-
parable to the accuracy of the surface pressure distribution for

the given problem.

Temporal Acoustic Response. The need to solve problems
of acoustic radiation in the time domain often arises in in-
dustrial and research work. The general Helmholtz integral in
equation (2) is given in the frequency domain for steady-state
acoustic radiation from the surface of an arbitrary body. The
corresponding general time-dependent acoustic response from
arbitrary bodies can be obtained by one of the following two
methods.

The first of these involves the use of the temporal form of
the Helmholtz integral. This integral is obtained from the
Helmholtz integral through an inverse Fourier transform and
is given as

{4m + [5[0(1/P/dv]do ) p(P,b)
=5 (po/D{dlv, (t—r/c))/dt}do
~{s cos (r,)[(1/er)(d/dty + (/™) p(t—r/c)do.  (16)

In order to solve a general acoustic radiation problem, one
needs to know not only the time-dependent acoustic pressure
function, but also its time derivative. Since this integral is but
one equation involving two unknown functions, it can be
solved only for the special cases where the time derivative of
the surface pressure can be expressed as a simple function of
the surface pressure itself.

The second method of obtaining sound pressure in the time
domain can be done by either (/) inverting the sound pressure
at the field point obtained in the frequency domain from the
Helmbholtz integral or (if) by inverting the surface pressures
obtained by the Helmholtz integral and then using the tem-
poral Helmholtz integral in equation (16) to calculate the
acoustic radiation at the field points. If the radiation at many
field points is required, the latter approach is recommended
since it will reduce the computer storage requirements from
multiple values of pressure at each frequency to one for each
point in time.
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The main problems involved in the computation of time-
dependent acoustic response are the length and complexity of
the calculations and the massive amount of data that must be
handled. In general, the velocity distribution and the
calculated acoustic pressure have an infinite number of fre-
quency components. As the frequency is increased, the
number of elements representing the structure must increase in
accordance with the guidelines on element size developed
earlier. These problems can be alleviated in special cases, such
as steady-state harmonic vibration, but are formidable
obstacles to general results.

As an example of temporal acoustic radiation, an acoustic
Doppler effect is illustrated. A stationary harmonically
dilating sphere is approached and is passed by a moving
receiver. This example can be solved conveniently by any of
the methods discussed in this section since the surface velocity
has but one frequency component. The latter method just
described was used since the time derivatives of the pressure
differs from the pressure itself by a factor of iw. The sphere
radiates at a nondimensional frequency of ka=1.0 (f=1.59
¢ps) and the acoustic pressure calculated corresponds to that
observed at a receiver moving past the sphere at a speed of
one-half the speed of sound. The frequency shift is gov-
erned by (see, for example, reference [21])

S =f1-v/c) (7

where c is the speed of sound, f'is the source frequency, v is the
velocity of the receiver and f’ is the apparent frequency
observed by the receiver. Figure 10 shows the results of the
numerical calculations. As the receiver approaches the source,
the calculated apparent frequency is 2.38 cps and as the
receiver moves away from the source, the received frequency
shifts to 0.79 cps, both precisely as predicted by equation (17).

Conclusions

In this paper, the overdetermined, isoparametric formula-
tion of the Helmholtz integral was shown to be accurate, ver-
satile, and easy to implement. Guidelines have been developed
and tested concerning the modeling of surfaces and for the ef-
ficient solution of problems by this method. Additional areas
of study include an efficient method to determine the location
and number of the overdetermining interior points and the op-
timization of the methods used for the solution of overdeter-
mined sets of simultaneous linear equations.
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